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Abstrat
We extend a lassial result by Rankin[4℄. We onsider the following question: given n vetors vi in
the ball of radius R of an innite dimensional Banah spae B with d(vi, vj) ≥ 1, an we bound the
number n?
1 Paking Problem
Here is a lassial result by Rankin, ited in [1℄ p. 85
Theorem 1.1 Let R < 1√
2
and let NR denote the maximum number N of points x1, x2, . . . , xN that an
be plaed in a losed (eulidean) ball of radius R in suh a way that ||xi− xj || ≥ 1 for all i 6= j = 1, . . . , N
then NR = ⌊ 11−2R2 ⌋.
Our goal is to extend this result to innite dimensional Banah spae B. We will solve the problem in lp.
We denote by BR the ball of enter 0 and radius R for the ||.|| norm of B.
We dene
EB,n,R =
{
(v1, v2, . . . , vn) ∈ BR,
||vi − vj || ≥ 1 if i 6= j
}
(1)
If R ≥ 1
2
then EB,n,R 6= ∅ for all n ∈ N.
EB,2,R = ∅ ⇔ R < 1
2
(2)
We dene also
N(B, R) = sup {n ∈ N, suh that EB,n,R 6= ∅} (3)
and
Rc(B) = inf{R ∈ R+ suh that N(B, R) =∞} (4)
We will have then
1. If R < Rc(B) then n ≤ N(B, R) <∞ if (v1, v2, . . . , vn) ∈ EB,n,R.
2. If R > Rc(B) then there is no way to majorize the number n.
From 2 we know that Rc(B) ≥ 12 for any innite dimensional Banah spae B.
∗
Mathieu.Dutourwanadoo.fr, 26 rue de la république, 45000 Orléans Frane
1
2 A linear mapping
Let us denote by E = lp the Banah subspae of R
N
equipped with the norm
Np : E 7→ R
x 7→ p√∑∞i=1 |xi|p (5)
We onsider the linear mapping
φ : En 7→ E n(n−1)2
(v1, v2, . . . , vn) 7→ (vi − vj)1≤i<j≤n (6)
We equip Es with the norm
Np,s : E
s 7→ R
(v1, v2, . . . , vs) 7→ p
√∑s
i=1N
p
p (vi)
(7)
Question is to evaluate the norm of the mapping φ with En and E
n(n−1)
2
equipped with the norms Np,n
and N
p,
n(n−1)
2
.
We denote by ||φ||p the norm of this mapping
Theorem 2.1 We have ||φ||1 = n− 1
Proof What we need to nd is the best onstant C suh that
∑
1≤i<j≤n
N1(vi − vj) ≤ C
n∑
i=1
N1(vi) (8)
Let us majorize the sum ∑
1≤i<j≤nN1(vi − vj) ≤
∑
1≤i<j≤nN1(vi) +N1(vj)
≤ (n− 1)∑n
i=1N1(vi)
(9)
So we have onstant C ≤ n− 1. Then if we set
(v1, v2, . . . , vn) = (h, 0, . . . , 0) (10)
we obtain equality.
Theorem 2.2 We have ||φ||2 =
√
n
Proof A well known formula (Maybe RANKIN, but needs to be veried) is
∑
1≤i<j≤n
N2(xi − xj)2 = n
n∑
i=1
N2(xi)
2 −N2(
n∑
i=1
xi)
2, (11)
from whih we get
√ ∑
1≤i<j≤n
N2(xi − xj)2 ≤
√
n
√√√√ n∑
i=1
N2(xi)2, (12)
whih provides ||φ||2 ≤
√
n. Equality is attained with
v = (v1, . . . , vn) with
∑
vi = 0 (13)
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Theorem 2.3 We have ||φ||∞ = 2
Proof What we need to nd is the best onstant C suh that
sup
1≤i<j≤n
N∞(vi − vj) ≤ C sup
1≤i≤n
N∞(vi) (14)
Let us majorize the sup
sup1≤i<j≤nN∞(vi − vj) ≤ sup1≤i<j≤nN∞(vi) +N∞(vj)
≤ 2 sup1≤i≤nN∞(vi) (15)
whih gives ||φ||∞ ≤ 2. Equality is obtained with
v = (h,−h, 0, . . . , 0) (16)
We use a lassi interpolation theorem
Theorem 2.4 (Stein Interpolation theorem (see [5℄, p. 40)) If p ≤ q ≤ r and φ : Lh 7→ Lh is a ontinous
mapping for h = p, r then φ is ontinuous for q and
||φ||Lq < [||φ||Lr ]
(q−p)r
(r−p)q [||φ||Lp]
(r−q)p
(r−p)q
(17)
this theorems gives, if 1 < q < 2,
||φ||qq ≤ [||φ||2](q−1)2[||φ||1](2−q)
≤ [√n](q−1)2[n− 1](2−q)
≤ [n]q−1[n− 1]2−q
(18)
It gives also, if 1 < q <∞,
||φ||qq ≤ [||φ||∞]q−2[||φ||2]2
≤ [2]q−2[√n]2
≤ n[2]q−2
(19)
3 Lower Bound
Theorem 3.1 If 1 < q < 2, R < 2−
1
q
and Elq,n,R 6= ∅ then
n ≤ ⌊ 1
1− [2Rq] 1q−1
⌋ = ψ(q, R) (20)
Proof Assume (v1, . . . , vn) belongs to Elq,n,R we then obtain by the linear appliation bound
∑
1≤i<j≤n
Nq(vi − vj)q ≤ u(q)q
n∑
i=1
Nq(vi)
q
(21)
and so
n(n− 1)
2
≤ u(q)qnRq (22)
and this gives us
1
2Rq
≤ ( n
n− 1)
q−1
(23)
whih inverts into
n ≤ 1
1− [2Rq] 1q−1
(24)
and we have the result.
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Theorem 3.2 If 1 < q, R < 2
1
q
−1
and Elq,n,R 6= ∅ then
n ≤ ⌊ 1
1− 2q−1Rq ⌋ = ψ(q, R) (25)
Proof Assume (v1, . . . , vn) belongs to Elq,n,R we then obtain by the linear appliation bound
∑
1≤i<j≤n
Nq(vi − vj)q ≤ u(q)q
n∑
i=1
Nq(vi)
q
(26)
and so
n(n−1)
2
≤ nRq||φ||qq
≤ n[2]q−2nRq
≤ n2[2]q−2Rq
(27)
We then obtain
n− 1 ≤ n2q−1Rq (28)
and so
n(1− 2q−1Rq) ≤ 1 (29)
whih gives us
n ≤ ⌊ 1
1− 2q−1Rq ⌋ (30)
4 Upper bound
Theorem 4.1 We have Rc(lp) ≤ 2−
1
p
.
Proof It sues to nd vetors having pairwise Lp-distane equal to 1 and norm equal to 2−
1
p
.
We dene
ei =
1
p
√
2
(0, . . . , 0, 1, 0, . . . , 0, . . . ) ∈ lp with i ∈ N (31)
and we have
Np(ei) =
1
p
√
2
and Np(ei − ej) = 1, if i 6= j (32)
sine the number of vetors ei is arbitrary we have the result.
Theorem 4.2 We have Rc(lp) ≤ 2
1
p
−1
.
Proof It sues to nd vetors having pairwise Lp-distane equal to 1 and norm equal to 2
1
p
−1
.
Let n suh that a Hadamard matrix A = (aij) ∈Mn(R) exists. We write n = 2h and dene vetors
fi =
1
p
√
h
1
2
(ai1, ai2, . . . , ain, 0, . . . , 0, . . . ) ∈ lp with 1 ≤ i ≤ n (33)
we have
Np(fi) =
1
2
2
1
p
(34)
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if i 6= j then by orthogonality the number of dierent oeient between fi and fj is h and we then obtain
Np(fi − fj) = 1 (35)
If n = 2r then there exist an Hadamard matrix. So the number of vetors having pairwise Lp-distane
equal to 1 and norm equal to 2
1
p
−1
is not bounded and we get the result: Rc(lp) ≤ 2
1
p
−1
.
Combining the preeding results we onlude
Rc(lp) =
{
2−
1
p
if 1 ≤ p ≤ 2
2
1
p
−1
if 2 ≤ p ≤ ∞ (36)
and we remark that Rc(lp) = Rc(lq) if
1
p
+ 1
q
= 1 whih suggest our result has some link with duality.
Even more there is a duality in the bound ψ dened impliitely at 20 and 25: ψ(p, R) = ψ(q, R) if 1
p
+ 1
q
= 1.
This result is not new, it seems to appear on ([2℄, p. 31-34).
I thank Bernard Maurey for useful omment on this paper.
5 An uniform bound
We use here Dvoretsky result [3℄ to proove that Rc(B) ≤ 1√2 .
Theorem 5.1 Let B an innite dimensional Banah spae with norm ||.||. ∀ǫ > 0, ∀n ∈ N∗ there exists
x1, x2, . . . , xn ∈ B suh that
∀α ∈ Rn, (1− ǫ)
√√√√ i=n∑
i=1
α2i ≤ ||
i=n∑
i=1
αixi|| ≤ (1 + ǫ)
√√√√ i=n∑
i=1
α2i (37)
Setting wi =
1√
2(1−ǫ) we have ||wi−wj|| ≥ 1 and ||wi|| ≤ 1√2 1+ǫ1−ǫ . So if R > 1√2 we an nd as muh vetors
as we want in BR with mutual distane greater than or equal to 1 So Rc(B) ≤ 1√2 .
So we have
1
2
≤ Rc(B) ≤ 1√2 for any Banah spae B.
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